Abstract--ln this paper, a new Fan-Browder type fixed-point theorem is proved under noncompact setting of general topological spaces. By applying the fixed-point theorem, several new existence theorems of solutions for quasi-equilibrium problems are proved under noncompact setting of topological spaces. These theorems improve and generalize a number of important known results in literature. (~)
INTRODUCTION
Let X and Y be nonempty sets and 2 x be the family of all subsets of X. Let T : X ~ Y be a single-valued mapping, A : X --* 2 x be a set-valued mapping, f : X x Y --* R t3 {+oo}, and ¢ : X x X --* R tJ {5=00} be functions. The quasi-equilibrium problem QEP(T, A, f) is to find E X such that • A(~),
f(~,T~) <_ I(y,T~c), Vy • A(~:).
(
The QEP(T, A, f) was introduced and studied by Noor and Oettli [1] . Cubiotti [2] and Ding [3] proved some existence theorems of solutions for the QEP(T, A, f) in finite-dimensional space R n and topological vector spaces, respectively. The quasi-equilibrium problem QEP(A, ¢) is to find ~ • X such that
• A(~),
¢(y, 5) > 0, v y • A(~). (2)
The QEP(A, 0) has been studied by many authors, for example, see [4] [5] [6] [7] [8] and others. The QEP(T, A, f) and QEP(A, ¢) include many optimization problems, Nash type equilibrium problems, quasi-variational inequality problems, quasi-complementarity problems, and others as special cases, see [1] [2] [3] [4] [5] [6] [7] [8] and the references therein.
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Typeset by ,4¢~S-TEX PII: S0898-1221 (99)00329-6 X.P. DING In this paper, we first prove a new Fan-Browder type fixed-point theorem under noncompact setting of general topological spaces. Next, by applying the fixed-point theorem, some new existence theorems of solutions for the QEP(T, A, f) and QEP(A, f) are proved in noncompact setting of general topological spaces. These results include a number of important known results in the fields as special cases.
PRELIMINARIES
Let X and Y be two nonempty sets. We denote by 2 Y and ~(X) the family of all subsets of Y and the family of all nonempty finite subsets of X, respectively. Let An be the standard n-dimensional simplex with vertices e0, el,..., en. If J is a nonempty subset of {0, 1,..., n}, we denote by Aj the convex hull of the vertices {ej : j E J}. A topological space X is said to be contractible if the identity mapping Ix of X is homotopic to a constant function. In particular, each convex or star-type set in a topological vector space is contractible. If X is a topological space, a subset A of X is said to be compactly open (respectively, compactly closed) in X if for any nonempty compact subset K of X, A A K is open (respectively, closed) in K. The following notions were introduced by Ding [9] . For any given nonempty subset A of X, we define the compact closure and the compact interior [11] ). The example in [11, p. 63] shows that a set-valued mapping with the local intersection property may not have the property of open inverse values. The following notion was introduced in [12] . A set-valued mapping G : X ~ 2 y is said to have the compactly local intersection property on X if for each nonempty compact subset K of X and for each x E K with G(x) ~ O, there exists a open neighborhood N(x) of x in X such that Nz~g(x)nK G(z) ~ O. Clearly, if G has the compactly local intersection property, then for any compact subset K of X, the restriction GIK : K --+ 2 Y of G on K has the local intersection property. It is also clear that each set-valued mapping with the local intersection property has the compactly local intersection property and the inverse is not true in general.
The following result is Lemma 1.1 of [12] . REMARK 2.1. Lemma 2.1 improves and generalizes Lemma 1 of [13, 14] .
such that O~ n K c G-I(y) and K = U~Ev(O~ n K), (III) for each compact subset K of X, there exists a set-valued mapping F : X --, 2 v such that for each y • Y, F-l(y) is open or empty in
The following result is contained in the proof of Theorem 1 of [15] (see also [16] 
be two set-valued mappings such that q~(x) c ~g(x) for each x • X. Suppose that ~-l,gj-1 : y ~ 2 X are both transfer compactly open-valued on Y. Then the mapping G : X ~ 2 v defined by f ¢(x), ifx•D, G(x) I • (x), ifx•X\D is such that G -1 : Y ~ 2 x is also transfer compactly open-valued on Y.
PROOF. Since ¢(x) C gJ(x) for each x • X, we have ¢-l(y) C qj-l(y) for each y • Y. It follows that
Hence, for each nonempty compact subset K of X, we have 
yELN
Then there exists a point ~ E X such that }c E G(~).
PROOF. By (i) and Lemma 2.1, we have
Since K is compact, there exists N E Jr(X) such that
For the N, consider the compact contractible set LN C X in Condition (ii). By (4), we obtain
K MLN C U (cintG-I(Y) MLN) " yEN
Noting N C LN, by (3), we have COROLLARY 2.1. Let X be a nonempty convex subset of a topologicaJ vector space, K be a nonempty compact subset of X, and G : X --* 2 X be such that
(i) G has nonempty convex values on each compact subset of X and satisfies one of the

Conditions (I)-(V) in Lemma 2.1, (ii) for each N E J:(X), there exists a compact convex subset LN of X containing N such that LN\Kc
U cintG-l(Y)" yELN Then there exists ~c E X such that ~ E G(~).
PROOF. Since each nonempty convex subset in a topological vector space is contractible and G has nonempty convex values on each compact subset of X, we have that for each compactly open subset U of X, the set N~eu(G(x) M LN) is empty or convex, and hence, it is empty or contractible. The conclusion of Corollary 2.1 follows from Theorem 2.1. (ii)' there exists a nonempty compact convex subset of X such that for each x E X \ K, there is an y E co (X0 U {x}) satisfying x E cint G-l(y), then the conclusion of Corollary 2.1 still holds. In fact, Condition (ii) t implies Condition (ii) of Corollary 2.
For each N E ~'(X), let LN ----co (X0 U Y), then LN is a compact convex subset of X containing N. By Condition (ii)', for each x E LN \ K, there exists y e co (X0 U {x}) such that x E cint G-l(y). Since x E LN = co (X0UN), we must have co (XoU{x}) C co (X0UN) = LN, and hence, there exists y E LN such that
LN \ K C U cintG-l(Y)" y6LN
This shows that Condition (ii) r implies Condition (ii) of Corollary 2.1. Hence, Theorem 2.1 and Corollary 2.1 improve and generalize Theorem 3 ~ of [17] and Theorem 1 of [18] in several aspects.
EQUILIBRIUM EXISTENCE OF QEP(T,A,f) AND QEP(A,f)
We first prove the following equilibrium existence theorem of QEP(T, A, f). 
is empty or contractible, and for each x • LN \ K, if x ~ D, then there exists y • LN such that x • cint A-l(y); if x E D, then there is y • LN such that x • cint ( A-l(y) N p-l(y) ).
Then there exists ~ • X such that
• A(~), f(k,T~) <_ f(y, fc), Vy • A(&), i.e., ~ is a solution of the QEP(T, A, f).
PROOF. Define a mapping G : X ~ 2 X by [6, 7] , and Theorem 4 of [8] in general topological spaces.
From Theorem 3.3, we obtain the following existence result for generalized quasi-equilibrium problems. [19] in general topological spaces.
